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Introduction

Recently coinductive logic programmingco-LP) [1] has been introduced as a
means of programming with in nite data structureslaealizing co-recursion [5,
6] in logic programming. Practical applicationsaaf-LP include modeling of and
reasoning about infinite processes and objects,emddecking and verification,
and goal-directed execution of answer set prografmaditionally, the declarative
and operational semantics of LP (e.g., Prolog) besn based on the minimal
Herbrand model semantics, which corresponds ta feesl points [7]. However,
its extension and exploration, especially in argfagl) negation as failure [&nd
(2) perpetual process [7], has pushed its bound#ry the maximal Herbrand
model (which corresponds to greatest fixed po@t)10]. Even though tremendous
progress has been made in the last three decaugssignificant work done on
declarative gfp semantics, there was no practipatational semantics for it until
one was proposed by Simon et al [1]. Simon eth@wgd how a practical
operational semantics can be developed for coiimlucand how it can be
incorporated in traditional LP systems with co-Skésolution as its practical
operational semantics [1-4]. They also demonsiraie number of practical
applications of co-LP, particularly to verificatio@]. However, they did not
include negation in their work. In this paper wiscdss how co-LP can be
extended with negation. We develop the declaratisewell as operational
semantics of co-LP extended with negation and ptbeen equivalent forational
proofs. We term the operational semantics of coelkBended with negation as
failure ascoinductive SLDNF resolutioor co-SLDNF resolution



1.1 Coinductive Logic Programming

Coinduction is the dual of induction. Induction isponds to well-founded structures
that start from a basis which serves as the foumddor building more complex
structures. For example, natural numbers are indilgtdefined via the base element
zero and the successor function. Inductive defingihave 3 components: initiality,
iteration and minimality [11]. Thus, the inductidefinition of list of numbers is as
follows: (i) [] (an empty list) is a list (initiality); (if H | T ] is a listifT is a list and

H is some number (iteration); and, (iii) nothingeels a list (minimality). Minimality
implies that infinite-length lists of numbers aret rmembers of the inductively
defined set of lists of numbers. Inductive defonis correspond to least fixed point
interpretations of recursive definitions. In costra coinduction eliminates the
initiality condition and replaces the minimality ratition with maximality. Thus, the
coinductive definition of a list of numbers is: [iH | T] is as a listifT is a list ancH

is some number (iteration); and, (ii) the set efsliis the maximal set of such lists.
There is no base case in coinductive definitiomsl &hile this may appear circular,
the definition is well formed since coinduction @sponds to the greatest fixed point
interpretation of recursive definitions (recursiveefinitions for which gfp
interpretation is intended are termed corecursef@niions). We refer the reader to
[2, 4] for a detailed presentation of co-LP andSids.

Co-LP provides an operational semantics (similarStd) for computing the
greatest fixed point of a logic program. This opiersal semantics called co-SLD
relies on acoinductive hypothesis rulend systematically computes elements of the
ofp of a program via backtracking. The semantidsriged to onlyregular (rational)
proofs i.e., those cases where the infinite behaviobisined by infinite repetition of
a finite number of finite behaviors. Further cointive logic programming allows
programmers to manipulate infinite structures. Aseault, unification has to be
necessarily extended and “occur-check” removedsThnification equations such as
X =[1] X] are allowed in coinductive logic programming; &cf, such equations will
be used to represent infinite (regular) structimesfinite manner.

The operational semantics of coinductive logic paogming is given in terms of
the coinductive hypothesis rulevhich states that during execution, if the current
resolvent R contains a call C' that unifies withaaicestor call C encountered earlier,
then the call C' succeeds; the new resolventgswRereq = mgu(C, C") and R' is
obtained by deleting C' from R. Thus, given a ailring execution of a logic
program, where, earlier, the candidate clauses e one by one via backtracking,
under coinductive logic programming the trying ehdidate clauses is extended with
yet more alternatives: applying the coinductive dtiesis rule to check if the current
call will unify with any of the earlier calls. Trminductive hypothesis rule will work
for only those infinite proofs that armegular (rational) in nature, i.e., infinite
behavior is obtained by a finite number of finiehlviors interleaved infinite number
of times (e.g., logic programs manipulating a dicuinked list). Even with the
restriction to regular proofs, there are many agpions of coinductive logic
programming, particularly to model-checking andrhikarity-checking.



2 Negation in Coinductive LP

Negation causes problems because one can writeapnegvhose meaning is hard to
interpret, e.g., p :- not(p). In presence of cottdn, things can become complicated
further, as an infinite computation may be regardesl succeeding in some
circumstances, and failing in certain other circtanses. A considerable amount of
work has been done in the past on including negatid_P for both Ifp as well as gfp
semantics and we liberally borrow from those workewever, the inclusion of
negation in operational semantics of co-LP, intcatlin this paper, is novel. To
motivate our understanding of infinite computaticeusd difficulties in including
negation in them, let us consider some classicainge programs from the literature
(e.g., [7, 12-18]) and analyze the issues thatarigler Ifp versus gfp interpretation.
These examples not only illustrate co-SLD resotytlout also provide motivation for
a framework for incorporating negation into co-SLBote that nt(A) stands f@&@A,
i.e., negation as failure for a coinductive atomMso note that without occurs-check,
the unification equation X=f(X) means X is boundfgf( .... ))) (an infinite rational
term).

2.1 lllustrative Examples
Example. Consider the following programs (NP1 to NP5, eaith one clause).

NP1: p:-p.

NP2: p(X) :- p(X).
NP3: p(f(X)) :- p(f(X)).
NP4: p(f(X)) :- p(X).
NP5: p(X) :- p(f(X)).

The programs NP1 and NP2 are considered as corgputithing. The program
(NP2) is even labeled as a “bad” program (a “namieating program working on
completely undefined data structures”) in [15, 1Bpth these programs have a
solution under gfp semantics (respectivghandp(X) ) but X cannot be bound to an
object even at infinity ([7, 18]). The que®y p(X) will not terminate using any of
the rules under standard Prolog execution.

Interestingly, all of these programs have their gignotations and thus have
solutions under co-inductive semantics. For NP1ywweld like to see the quef3 p
to say Yes under gfp semantics. For NP1 and NR2etls a solution of {} in Ifp
semantics, and {p} and { p(X) }, respectively undgp semantics. Thus the quety
p should fail in Ifp semantics for NP1 but succeadgfp semantics. For NP2 the
solution produced under gfp semantics mustxbe _, where_ is an anonymous
variable. Further, for NP2, we expect queries sasl?- X=f(X), p(X) or ?- X=a,
p(X) to succeed under coinductive (gfp) semantics. N for NP2, the negative
guery?- nt(p(X)) should succeed under Ifp semantics and fail ugffesemantics.

The clauses of NP3, NP4 and NP5 are the variantseoprogram NP2. NP3 is
again considered as a program computing nothimgcohtrast, under the semantics
discussed in [7], NP4 produces an infinite solutdr= f(f(f( .. ))) but not NP5. With



our co-inductive semantics, for each of the progra®2 through NP5, note that {
X=f(X) } should be a solution of the go&@tp(X). Further, w.r.t. negation, we would
like to evaluate queries suchasX=f(a), nt(p(X)) or ?- X=f(X), nt(p(X)) for NP2 —
NP5. Both the queries should fail under each efrthes of NP2 — NP5.

Note that, even though there is a rational solutioder co-LP, there is also a
possibility of infinite derivation for some of thegprograms for particular queries.
For example, the query- p(0) for NP5 will generate a (failing) infinite derivati:
p(0) ® p(f(0)) ® p(f(f(0)) ® ... Even if we reach p(f(f(f(...)))) at infinity, iis
counted as failed. This is an example of Infirf@lure (IF) and of an irrational
derivation tree. This is in contrast to a ratiotrade of derivation and a rational
solution produced for the que®y p(0) that finitely terminates for NP2, NP3 and NP4
(with success for NP2 and failure for NP3 and NP#he next examples are cyclical
programs with negation.

NP6: p :- nt(q). g :- nt(p).
NP7: p(X) :- nt(q(X)). q(X) :- nt(p(X)).
NP8: p(f(X)) :- nt(q(f(X))). a(f(X)) :- nt(p(f(X ))-

For example, the query- p for NP6, a propositional example, will generate th
following successful derivation under coinductiamhich will be defined later in
co-SLDNF resolution (Definition 3.5), but intuitiyeat this point: [ p® nt(q) ®
nt(nt(p))® p® Success]. The quefy p, qfor NP6 will generate: [ p, ® nt(q), q
® nt(nt(p)), q® Success, ® q® Fail | due to {nt(q) } established in the process
of inferring {p}. The predicate examples of NP7 and NP8 are ammior example,
the query?- p(X) or ?- p(X), nt(q(X)) should generate a successful derivation
whereas the query- p(X), q(X) should fail (however, note that later we will rést
negated goals to ground terms, to ensure soundness)

2.2 Preliminaries

We presented the examples above to highlight ttietfiat infinite computation can
lead to success as well as failure (e.g., NP1 aR@;Milso noted in [10]). While
computing queries under gfp semantics we may erieoboth. Thus, the traditional
notions offinite success sgiSS) andfinite failure set(FF) have to be extended to
infinite success set (denoted IS in [9, 19]), arfthite failure set (denoted IF). The
union of IF and IS is the set of all atoms withinite proofs, denoted Il. Following
Lloyd [7] and Jaffar & Stuckey [9], given a setl&, [S] denote the set of all ground
instances of all atoms in S, letdenote the limit ordinal, and the closure ordinal.
With the (Knaster-Tarski) immediate-consequencesiap operator din [7], we use
m(resp.n) to denote the least (resp. the greatest) xedhipoperator. The following
results (especially Theorem 2.1) are reproducenh fi 9]. P denotes a program and
P* its completion (the completion of program wile liscussed later). First we
present the definition for Maximal Herbrand model.



Definition 2.1 (Simon [2], Jaffar and Stuckey [9]) Maximal HerbdaModel: Let P
be a coinductive logic program. Let A(P) be thedafeconstants in P, and let(P)
denote the set of function symbols of arity nin P.

(1) The co-Herbrand Universe of P, denoté®(B) =nFp, where

Fp(S) = AP)E {f(ty, ... 1) |[f Il R(P)U t, ..., 11 S}
It is assumed that there is at least one conatahibne function symbol, to make
U®°(P) nonempty and defined over all of the consthletifinite and infinite
terms.

(2) The co-Herbrand base (also known as the ianyitHerbrand base [7] or maximal
Herbrand base), denote§®P), is the set of all ground atoms that can beéat
from the predicate symbols in P and the element&JSP) (the infinitary
Herbrand Universe which also contains infinite tgfmLet G°(P) be the set of
ground clauses of {& D, ..., D)} that are ground instances of some clause of P
such that C, R..., D, 1 B®°(P). A co-Herbrand interpretation is a subset of
Herbrand base and consists of ground atoms thatusrén it.

(3) A co-Herbrand model of a logic program P isxad-point of:

To(S)={C|C~ Dy,...0, 1 GYP) U Dy, ..., O, S}
The maximal Herbrand model of a co-inductive pamgrP, denoted KP(P), is
the greatest fixed-point ofsT(denotednTp or gfp of Ts) which exists and is
unique. Hence KP(P) is taken to be the declarative semantics dfiadaictive
logic program.

(4) An atom A is true in a coinductive logic progrd® if and only if the set of all
groundings of A, with substitutions ranging over(P), is a subset of K(P).

P|= Aiff AT MO(P)

Theorem 2.1(Jaffar and Stuckey [9]) (L)W =[SS(P)]. (2) B\Ts w = [FF(P)].
@ gip(P)=Fa. (3)GI IFEFFiff [G]| Bp\Tpa. (4) | models P*iff F (1) = I.
(5) P* |= Aiff AT [SS]. (6) P* |[=@Aiff A T [FF].

Currently co-inductive logic programming allows otaeinfer A or @A if the proofs
are rational. Therefore (5) and (6) of the theor@nove should be rephrased as
follows: (5% P*|= Aiff AT [SSE IS°°R, (6%) P*|=@Aiff A1 [FFE IFS°R
where ““F denotes restriction of the set to rational eleme®SE IS°°Ris the
coinductive Success Set and ERF°° " s the coinductive Failure Set. Our objective
in this paper is to give an operational semantichie¢gation in co-inductive logic
programming. That is:

(1) [SSE IST°R={A| AT B°°R(P), thegoal {A}J®@* }

(2) [FFE IF°R={A| AT B°°R(P), the goal { nt(A) @ * }

Next, we present the following theorem by Courcg2@] for the rational solution
for a solvable system of equations. We refer traders to [20] for the proof; the
presentation of the theorem is due to Jaffar andkety [9].

Theorem 2.2 (Courcelle [20]) (a) A solvable finite system ofuagjons E has a
rational mgu. (b) For every rational term &, thexésts a finite system of equations
containing distinguished variablesand whose mga is such that a=a.



The theorem assures the existence of a rationati@olfor any solvable finite
system of equations, as noted in [9] regardingnati cover for finite success set and
finite failure set, and their complements. Thisdlem provides one of the bases for
coinductive unification, and is key to proving tbeundness and completeness of co-
SLD and thus co-SLDNF resolution, as we restrig ttomain of solutions to be
rational. Next we present the syntax and semaatice-SLDNF.

3 Coinductive SLDNF: Syntax and Semantics

The major considerations for incorporating negatiorco-SLD resolution are: (1)

negation as failure, i.e., to infer nt(p) if p &éndvice versa(2) negative coinductive

hypothesis rule to infer nt(p), if nt(p) is encountered again time process of

establishing nt(p), (3) consistency in negationijnfer p from double negation, i.e.,
nt(nt(p)) = p, (4) restriction to rational proofsnda(5) consistent extension for a
program's completion.

Negation as failure w.r.t. irrational proofs (namwhinating computations) and
program completion [8] will be discussed later. TweSLD restriction of rationality
[1, 2] is also assumed in establishing the compege of co-SLDNF. We refer the
readers to [1, 2] for the details on co-LP and £®S

Syntax: A co-logic program P is syntactically identical & traditional, that is,
inductive logic program. However, predicates that @ be interpreted under the gfp
semantics are declared as coinductive; all othedipates are assumed to be inductive
(i.e., Ifp semantics is assumed). For a positivenductive atom A, its negation is
expressed as nt(An the body of a clause of co-LP. For example, phevious
example of NP6 will be:

NP6: coinductive(p/0). coinductive(qg/0).
p :-nt(q). g :-nt(p).

3.1 Declarative Semantics of co-SLDNF

The declarative semantics of a co-logic progranmwigation as failure (co-SLDNF)
is an extension of a strati ed interleaving of tirénimal Herbrand model ([7, 21])
and the maximal co-Herbrand model semantics ([L, As with co-SLD, we will
restrict ourselves to rational trees. This alloles tiniverse of terms to contain in nite
rational terms, in addition to the traditional aeiterms. Recall that G(P) denotes
the infinitary Herbrand Universe; “B(P), the co-Herbrand base; and“¥P) the
maximal Herbrand model of P.

An atom A is true in program P ithe set of all groundings of A with substitutions
ranging over the EP(P) is a subset of ¥P(P). Dually, a ground atom A is false A

is not in MO(P). That is,@A is true iff all the groundings of A are a subsét



B°O(P)\M“°(P) , where M°(P) = gfp(Ts). BO(P)\M“°(P) is also called the failure set
of P. Thus, -A fails if and only if A has a grountsiance in the co-Herbrand model
of gfp(Ts). However, both B°(P) and M°(P) contain irrational atoms which cannot
be computed effectively in co-LP; thus, we neetkgirict ourselves to the domain of
rational atoms only in B(P) and M°(P). B°°(P) and M°(P) restricted to rational
atoms are denoted asBYP) and M°R(P), respectively. EPRP) and ¢ff are
restricted versions of ¢9(P) and gfp respectively.

Definition 3.1 P |=@A iff AT B“ORP)\WMCRP).

The declarative semantics of negation over co-Herdbibase (mostly with SLD) is
not new and has extensively been discussed intdrature (e.g, [7, 9, 10, 18, 22]).
One of the most noteworthy theoretical and formmaimiework and analysis on gfp
semantics with negation is the work of Fitting [1Rirther extended by Fages [22] for
stable model with completion of program. Theimimwvork based on maintaining a
pair of sets (corresponding to a partial succesarse a partial failure set) provides a
good basis for the declarative semantics of co-SEDMVe reformulate Fages
theorem in light of co-LP.

Definition 3.2 (Fages [22]). Let P be a coinductive logic progrand (M, N)T
2°x2® [where B is the co-Herbrand base“? be a partial interpretation. Then the
mappings for defining the pair sets are as follows:

Te'(M, N) ={ concl(R) | Rl Ground(P), pos(R) M, neg(R)i N}

TeM, N)={A|" RT Ground(P),

concl(R) = A pos(R)IC Nt EUneg(R)C Mt A&

where Ground(R) is &(P), and concl(R) is the head atom of a clause Rrevh
pos(R) is the set of positive atoms in the bodyRaénd neg(R) is the set of atoms
under negation.

The outcome of the operatogTis defined similar to & In contrast, the outcome of
T is the set of atoms guaranteed to fail. Thus thie papping (F', T), specifies
essentially a consistent pair of (1) a succesars@ta fail set, or that of (2) a positive
and a negative coinductive hypothesis tablescef ¢-) (which we will define later
and discuss for realizing co-SLDNF in practiceurtRer, as noted by Fages [22], the
pair mapping (¥, Tr) enjoys monotonicity and gives Herbrand modelspgints)
under certain conditions as follows.

Proposition 3.1 (Fages [10, 22] Proposition 4.2, 4.3, 4.4, 4.5).

(1) 1fMCN = Z&then B'(M, N) C To'(M, N) = &

(2) < To',Tp > is monotonic in the lattice®22° ordered by pair inclusioh, that is,
(M1, ND)I (M2, N2) (that is, ML M2, N1 N2, in pairwise) implies that
<HTe> (M1, NI < T Te > (M2, N2).

(3) IfMCN =Z&£and (M,N)i < T",Ts > (M,N) then there exists a fixed point
(M",N") of < Tp", Ts > such that (M,NJ (M’,N") and M'C N’ = /£

(4) If (M,N) is a fixed point of < ¥, T >, MCN =/and MEN = B (that is, B°
for the maximal Herbrand base), then M is a Herdbraodel of comp(P).



The condition of mutual exclusion (that is,QW = A and under the pair-mapping)
keeps the pair-set (M,N) consistent under the paipping. Thus the pair mapping
<Ts",T> and the pair set (M,N) are the declarative coyaterof the operational
semantics of co-SLDNF where the pair-set (M,N) esponds to the positive and
negative coinductive hypothesis tables (see Sedi@jy and the pair-mapping to
co-SLDNF resolution. Further one of the resultof@sition 3.1(3)) is another note-
worthy characteristics of the pair-set under ther-pepping called supported
interpretation defined and explored by Apt et al [23] and Shegden [24].

Definition 3.3 (Apt et al [23]): (Supported Interpretation). Amterpretation | of a
program P is supported if for eachi Al there exists a clause,A Ly,...,L, in P and
a substitutiorg such that | |= g, ..., L), A=A;q, and each {g is ground. Thus | is
supported iff for each A | there exists a clause in ground (P) with head/fose
body is true in I.

Lemma 3.2(Apt et al [23], Shepherdson [24]). Let P be a paog (1) | is a model
of Piff Te(l) I 1. (2) I'is supported iff 1) E 1. (3) | is a supported model of P iff it
is a fixpoint of T, i.e., To(l) = I.

Thus, interpretation | over the maximal Herbrandeb#&s a supported co-Herbrand
model of P iff () = I. That is, I, which is a supported modelPobver the maximal
Herbrand base is a fixpoint of gfp(P). As we pntésea the next subsection, the
positive and negative coinductive hypothesis tabieter co-SLDNF are equivalent to
the pair-set under the pair-mapping and thus eifjgymonotonicity, (2) mutual
exclusion and (3) consistency. Further, the opemati semantics of co-SLDNF
ensures that every query goal inferred is suppdttet is, the body is true when the
head is true (A® L,,...,L,)) and closed (that is, the head is true when tuy lis true

(Al - Lll""Ln))'

As noted earlier, the restriction to rational termusd the operational semantics
(co-SLDNF below) is novel. Further a comprehensarel practical operational
semantics for gfp-based declarative semantics hawe been presented or
implemented in the literature prior to Simon ef1ldl We now present the operational
semantics of co-SLDNF, but first we recall co-SLdD feview.

3.2 Operational Semantics of co-SLDNF

In this section we de ne the operational semarfiicsco-LP with negation as failure.

The operational semantics given for co-LP with tiegaas failure is de ned as an

interleaving of co-SLD [1] and negation as faildoe the co-Herbrand model. The

coinductive hypothesis rule allows us to computevwaars under the greatest xed-
point semantics: when the current call unifies wdthancestor call (recorded in the
hypothesis table) the infinite cycle is detected aainductive success reported [1, 2].
Without any further qualification, we restrict oahges to rational terms.



De nition 3.4 Co-SLD Resolution [2, 4]: Co-SLD resolution isfided as a non-
deterministic state transition system where eaate $¢ a triple: (G, &) where G is a
finite list of subgoals, E a system of equationsg@jn andc the coinductive
hypothesis table (list of current ancestor calByen a goal A G currently chosen
for evaluation, Co-SLD will: (i) expand subgoal A G using standard (Prolog-style)
logic programming call-expansion, or (i) delete &, A Ic (success due to
application of the coinductive hypothesis rule)dérivation is successful if a state is
reached in which the subgoal-list is empty. A dation fails if a state is reached in
which the subgoal-list is non-empty and no traasgi are possible from this state.
The initial state is (Q4, /&), where Q is the list of query subgoals.

Extending co-SLD to co-SLDNF, the goal { nt(A) } zeeds (or has a successful
derivation) if { A } fails; likewise, the goal of {nt(A) } fails (or has a failure
derivation) if the goal { A } succeeds. We redtraurselves to ground atoms A to
ensure soundness. We also restrict ourselves &s easere the proofs are rational. In
co-SLDNF, one keeps track of the context of a goal, whether it is in the scope of
odd or even number of negations. If a goal is urilerscope of even number of
negations, it is said to occur in positive contekig it occurs in negative context.

In co-SLDNF, we will also have to remember negagedls since negated goals
can also succeed coinductively. Thus, the statepeesented as (G, E+, c-) where
G is the subgoal list (containing positive or negagoals), E is a system of term
equations,c+ is the set of ancestor calls occurring in positteatext (i.e., in the
scope of zero or an even number of negations).is the set of ancestor calls
occurring in negative context (i.e., in the scoparmodd number of negations). Next,
co-SLDNF is defined as follows.

Definition 3.5 Co-SLDNF Resolution: Suppose we are in the st&teH, c+, c-).

Consider a subgoal A G:

(1) If A occurs in positive context, and A’ ¢+ such thag = mgu(A,A), then the
next state is (G, § c+, c-), where G’ is obtained by replacing A with

(2) If A occurs in negative context, and B’c- such that] = mgu(A,A’), then the
next state is (G, & c+, c-), where G’ is obtained by replacing A with false.

(3) If A occurs in positive context, and A’ ¢c- such thai] = mgu(A,A’), then the
next state is (G', K&+, c-), where G’ is obtained by replacing A with false.

(4) If A occurs in negative context, and I\’ c+ such that] = mgu(A,A"), then the
next state is (G', K&+, c-), where G’ is obtained by replacing A with

(5) If A occurs in positive context and there A’ T (c+ E c-) such that A and A’
are unifiable, then the next state is (G’, E’, {&} ¢+, ¢-), where G’ is obtained
by expanding A in G via normal call expansion wiEhas the new system of
equations obtained.

(6) If A occurs in negative context and theredsm 1 (c+ E c¢-) such that A and A’
are unifiable, then the next state is (G',d%, {A} E c-), where G’ is obtained
by expanding A in G via normal call expansion. Ndiat we require A to be
ground, and therefore E is unchanged.



(7) If A occurs in positive or negative contextdathere are no matching clauses for
A, and there is no Al (c+ E c-) such that A and A’ are unifiable, then the next
state is (G’, Ec+, {A} E c-), where G’ is obtained by replacing A with false.

(8) (a) nt(..., false, ...) reduces tg (b) nt(A, , B) reduces to nt(A, B) where A and
B represent conjunction of subgoals, and (c) nt,....) occurring in positive
context (which means that A occurs in negative exttin step 6 will be reduced
to , only if all possible expansions of A from step €uiein false

Note (i) that step (5) and (6) may be non-deterstii (i) that the result of
expanding a subgoal with a unit clause in stepaf(®) (6) is an empty clause)( and
(i) that when an initial query goal reduces to empty clause (), it denotes a
success. Note again that a goal of the form ntP&gurring in a positive context,
succeeds only if A fails in all possible ways [8ébove].

Definition 3.6 (Co-SLDNF derivation): Co-SLDNF derivation of thgoal G of
program P is a sequence of co-SLDNF resolutionss{ep Definition 3.5) with a
selected subgoal A, consisting of (1) a sequengeG;+, ;-) of state (¥ 0), of (a)

a sequence §$ G, ... of goal, (b) a sequencg, B, ... of mgu's, (c) a sequencg,

1+, ... of the positive hypothesis table, (@), i1-, ... of the negative hypothesis table,
where (G, By, ot, o) = (G, &£ A A as the initial state, and (2) for step (5) opste
(6) of Definition 3.5, a sequence,C,, ... of variants of program clauses of P where
Gi;1 is derived from Gand G.; using .1 where Eq = B 41 and (j1t+, +1-) as its
resulting positive and negative hypothesis tabi@3.If a co-SLDNF derivation from
G results in an empty clause of querythat is, the final state of (E, i+, i-), then

it is a successful co-SLDNF derivation, and a deion fails if a state is reached in
the subgoal-list which is non-empty and no traosgiare possible from this state (as
defined in Definition 3.5).

Note that there could be more than one derivatiomfa node if there is more than
one step available for the selected subgoal (many clauses are applicable for the
expansion rules of step (5) or step (6) in DefimitB.5). A co-SLDNF resolution step
may involve expanding with a program clause foridigbn 3.4 (5) or (6) with the
initial goal G = G, and the initial state of (GEy,, o+, o) =(G,& & /), and k4 =
E i+1 (and so on) may look as follows:
Ql.l 1 CZv 2 C3v 3
(Go, Bos oty 0) ¥® (G, By, 1, 1) ¥® (G, B, o, ) ¥a®

As in co-SLD, each co-SLDNF resolution step involyia program clause, for
Definition 3.5 step (5) and (6), is preceded with §tandardising apart: the program
clause employed for expansion does not contairabkrifrom the initial query or
from an program clause used at some earlier ¢pelevance: the mgu employed is
relevant (that is, the union of domain and rangmgfi, of A and B, is a subset of the
variables occurring in A and B), and (3) nondeteaistic: branching for all possible
derivations from a node. Again, we restrict oweslto ground atoms A to ensure
soundness for negation.



Example. Consider the following program (NP6):

NP6D :- nt(q). g :- nt(p).
The query?- nt(p) will generate the following transition sequence:
({ntE)}. & & D by (6)
® ({nt(nt(q)}, { {.{p}) by (5)
® ({nt(nt(nt(p)))}, {1, {a}, {p}) by (2)
® ({ { {a} {p}) [success]

Note that the quer®- p will also succeed (® nt(g) ® nt(nt(p))® success),
however, note that the above program has two fitgonamely {p} and {q}. The
qguery?- nt(p) is true in {q}, while the querp- pis true in {p}. Thus, computing with
greatest fix point semantics in presence of negasalways troublesome, since one
has to be careful that given a query, differentgaf the query are not computed
w.r.t. different fixpoints. Thus, the querdp, nt(p) will never succeed if we are
aware of the context (the particular fixpoint thatbeing used). However, if the
subgoals p and nt(p) are evaluated separately lendesults conjoined then it will
wrongly succeed. To ensure consistency, the setandc- are employed in our
operational semantics; they in effect keep tracthefparticular fixpoint under use.

Consider the following program (EP1):
EP1: p:-q,r, nt(p).

Given the goaP- p, it will lead to failure, since p will be coindietly assumed and

added tac+, then nt(p) will be encountered, which will leedan inconsistency. This

is a point of departure from non-monotonic reasgrand Answer Set Programming
[25, 26] where a model will be found with p beirajsk, and at least one of q or r
being false. In this paper, we are not interestecidn-monotonic reasoning. Note
however, that procedures based on coinductive LdP reagation that allow one to

compute goal-directed queries for answer set progtaave been developed in [4].

Note that if a goal occurs in negative context,,extfA), all possible derivations of A
must fail before we can infer the success of ntAgwever, nt(A) can fail, as soon as
one derivation of A leads to success. Implemerttiigyin practice will require a little
bit of (straightforward) machinery, whose descdptiis not included here. Thus
given the program (EP2):

EP2: p:-q. p:-r. r.
the query ?- nt(p) will fail.
Defition 3.8 The operational semantics of co-SLDNF is definedf@lows: for a
coinductive atom A of a program P:

(1) coinductive Success Set, [E3S“°F={A | AT B°R(P), the goal {AP* }
(2) coinductive Failure Set, [FE IF°9F={A | AT B°°R(P), the goal { nt(A) ® * }

Note that this only applies to rational proofs adi¢ated by the suffiX°® An
implementation of co-SLDNF has been developed aeta-interpreter that runs on



existing Prolog systems. Details of the implemiomaare omitted due to lack of
space.

3.3 Equivalence (Correctness of co-SLDNF)

Correctness is proved by equating the operationdl declarative semantics via the
soundness and completeness theorems. Completenasstiicted to atoms with
rational proofs. We state the soundness and coergss theorems for co-SLDNF;
proofs are omitted due to lack of space and cdoulmed elsewhere

Theorem 3.3 (Soundness and Completeness of co-SLDNF

(1) (Soundness of co-SLDNF) If a grounded goal { nt(A) } has a successful
derivation in program P, then A is false in progrémi.e., AT FF E IFCOR
Similarly, If a grounded goal { nt(A) } has a failelerivation in program P, then A is
true in program P, i.e., A SSE IS°OR

(2) (Completeness of co-SLDNF)(a) If AT M®°(P) has a rational proof, i.e.,iA
SSE IS®°® then nt(A) has a failed co-SLDNF derivation imgram P. Further (b)
if AT B“ORP)\M °F(P) does not have a rational proof, i.e.] AFE IFC°R then
nt(A) has a successful co-SLDNF derivation in pemgiP.

4  Completion of A Coinductive Logic Program

In this section, we present the completion of andoctive logic program. First we
adapt the basic definitions and results from [Te@]coinduction.

Definition 4.1 (LIoyd [7]). Completion of a coinductive logic pyam over maximal
Herbrand base: The completion of program is defimgdl) the completed definition
of program, together with (2) the coinductive egyatheory over co-Herbrand
universe. Note that the equality theory will hawvebe extended in the presence of
infinite (rational) terms that coinductive logicggrams can manipulate. The full
definition of the theory has been omitted for brg\iere, only the axioms that are
added/changed (w.r.t. [7]) are shown below; thel fiéfinition is available
elsewhere)

" (t[x] * x), for each “finite” term t[x] containing x andfferent from x.
" (t[x] = x) ® x=t[t[t[...]]].

(3) Completion of coinductive program (over maxinté&rbrand base): Let P be a
program. The completion of coinductive progranté&joted by co-comp(P) of ®,

is the collection of completed definitions of preatie symbols in P together with the
coinductive equality theory over the co-Herbrandeba

1 The proof can be found at http://www.utdallas.edkan010300/research/co-SLDNF.pdf
2 http://www.utdallas.edu/~rkm010300/research/co-SEpdf



Definition 3.1 can be trivially extended to cointive completion of a program“P*
and restated as:

Definition 4.2 F°% |= @A iff AT B°ORP)\MRP).

The co-SLDNF resolution (Definition 3.5) has to édended so that when a goal
nt(p) is encountered then it should be expandedgusompleted definitions. Thus,
instead of computing p via co-SLD, the call nt(pelf will be expanded, using the
contrapositive definition (that is, p only if g agp) if nt(q)), for the “only if” portions
of the completed program. Thus, the nt-calls wid longer be nested in the
derivations and thus we no longer have to worryuabpositive and negative contexts.

Definition 4.3 Co-SLDNF resolution with coinductive completecbgram: Given
the current state (G, E;, c-):
(A) First, consider a positive subgoall AG:

(1) F$A 1 c+s.t.g=mgu(AA), then the next state is (G{A},dzc+, c-).

(2) F$A 1 c-s.t.q=mgu(AA), then the computation fails.

(3) If there does not exist an A’ (c+ E c-) s.t. A and A’ are unifiable, then the
next state is (G', E’, {A}E c+, c-), where G’ is obtained by (non-
deterministically) expanding A in G via normal (R style) call expansion
with E’ as the new system of equations obtaineer di¢ad unification.

(B) Next, consider a negative subgoal of the fottAni G:

(1) F$A 1 c-s.t.g=mgu(AA), the next state is (G\{nt(A)}, & c+, c-).

(2) F$A 1 c+s.t.g=mgu(AA), then the computation fails.

(3) If there exist no AT (c+ E ¢-) s.t. A and A’ are unifiable, then the next
state is (G’, Ec+, {A} E c-), where G’ is obtained by expanding nt(A) in G
via hormal call expansion using the program’s catiph. Note that since A
is ground, E is unchanged.

Example. The previous example (NP6) with its completion dgram is then:

NP6: p :- nt(g). g :- nt(p). nt(p) :- 9. nt(q) : - p.
Therefore the query- nt(p) will generate the following transition sequence:
({ntE)}. & & D by B(3)
® ({a} {1 {1{ph by A(3)
® ({nt(p)}, {} {9} {p}) by B(1)
® ({ { {a} {p}) [success]

Soundness and completeness theorems for co-SLDNEofapleted programs can
also be proved in a straightforward manner. Onikirsg observation is that P and
P°%* are equivalent w.r.t. co-SLDNF. That is, P |= # P°®* |= A. Another
observation is that the co-SLDNF resolution canabbuilding block in obtaining
goal-directed implementation of answer set prograisis is indeed consistent with
the relationship between comp(P) and ASP [22]. iffpdementation of solving ASP
programs in goal-directed (top-down) fashion (jilst Prolog) has been discussed in



Gupta et al [4]. Further, the difference betwdanrmaximal Herbrand model (gfp) of
co-LP and the minimal Herbrand model (Ifp) of ASBncbe resolved vidoop
formulas (Lin and Zhao [27]). The loop formulas can be lyasomputed with a
co-SLDNF trace.

5 Related Work

Our work builds upon the work of a number of prexoworks, in particular,
Lloyd[7], Jaffar & Stuckey [9], Fitting [10] and Bas [22]. Our work is related to
work being done within LP in a number of areas: ¢tinduction and coinductive
logic ([5, 6, 10, 22, 28]), (2) computation of inie objects and processes ([4, 12-
18]), (3) pair-mappings and supported models [9, 22 28], and (4) negation as
failure with completion of program [7-9, 23, 24]tithe maximal Herbrand model.
Most of these studies have been limited or restliégh one way or another in their
scope and goals. Thus, either they restrict tharaseb minimal Herbrand model and
Ifp semantics, or to only definite programs (withaegation), or to only function-free
programs (e.g., answer set programming [25, 28]} @nly dealing with declarative
semantics (i.e., no operational semantics is peal)id The main difference between
our work and others is that we have a well-definggctical and comprehensive
operational semantics (co-SLDNF resolution) for oimporating negation in the
presence of infinite computations (coinduction).

6 Conclusions and Future Work

Coinductive LP is a novel, practical, comprehengine effective extension of logic
programming dealing with infinite object and congtign. Its application to model
checking, verification and planning has been welndnstrated [29]. It is natural to
extend Co-LP to negation. In this paper we preskateractical extension of co-LP
with negation called co-SLDNF. Declarative semantaf co-LP extended with
negation were discussed and theorems equatingeitiardtive semantics to the co-
SLDNF based operational semantics also presentagbrMpplication of co-SLDNF
is in (i) model checking, where negative properaise in conjunction with infinite
automata modeled as co-inductive logic progranisin(iplanning, as well as in (iii)
computing with perpetual programs and infinite dstraictures. A major application
of co-LP extended with negation is in devising gdiaécted execution procedures for
answer set programming. The primary motivationoof work is to provide a
practical operational semantics for logic programgnconsistent with the maximal
Herbrand model and gfp semantics
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Appendix A. Completion of Program of Coinductive LP

Definition 4.1 (Revised from Lloyd [7]). (Completion of prograrorfco-LP over
maximal Herbrand base): The completion of programefined by (1) the completed
definition of program, together with (2) the eqtalitheory over the maximal
Herbrand universe.

Completed definition of program: Given a clausal definition of the form:

P(Xy,.... %) = Eq.
p(xl,---.)@) =
where each Hs of the form { X= t;;,..., % = ty, Gy, ..., Ge}, t; 1 U“9(P), then the

completed definition of the clause p is the formula
(1.1) " Xp.." X (P(y.) « EiULLUE)

If an atom g in the program does not appear asad hat only in the body of some
clause, then for each such predicate symbol gfdll@ving clause is added to obtain
the completion of P.

(1.2)" Xg..." Xn BA(Xg, ..., 20).

(2) The equality theory: over the maximal Herbrand universe: we use thadstrd
notion = for "equal" and for "not equal”, and = is not occurring in the défon of
program.

(2.1)  ¢d, for all pairs c, d of distinct constants.
(2.2) " (f(X1, s %) * 9V, .-, W), for all pairs f, g of distinct function symbols
2.3) " (f(xg, ..., %) c), for each constant c and function symbol f.
(2.4%*) " (t[x] * x), for each “finite” term t[x] containing x andfferent from x.
" (X =x) ® x=tH...]]].
(25) "((X*y) U..UXtyn) ® f(Xq, ooy %) * f(y1, ..., W), for each function

symbol f.
(2.6) " (x=x)
2.7 "( (=) U ..U =y ® (f(Xe, ooy %) = f(Y1, ..., ¥n) ) ), for each

function symbol f.

(28  "((=y) U..U0 (=) ® (PO, - %) ® P, -y W) ) ), for each
predicate symbol p (including =).

Note that the only change made to the traditioaiaéity theory is in (2.4*). Given
(1) and (2), the completion of coinductive logiogram P, denoted by co-comp(P) or
P“%¢ is the collection of completed definitions ofeglicate symbols in P together
with the coinductive equality theory over the maaimlerbrand universe.



Appendix B. The Equivalence Proof of co-SLDNF

Theorem 3.3 (Soundness and Completeness of co-SLDNF

(1) (Soundness of co-SLDNF) If a grounded goal { nt(A) } has a successful
derivation in program P, then A is false in progrémi.e., Al FF E IFOR
Similarly, if a grounded goal { nt(A) } has a failederivation in program P, then A is
true in program P, i.e., A SSE IScOR

(2) (Completeness of co-SLDNF)(a) If AT M®°R(P) has a rational proof, i.e.,iA
SSE IS°°® then nt(A) has a failed co-SLDNF derivation imgram P. Further (b)
if AT B ORP)\M °FP) does not have a rational proof, i.e.] AFE IFC°R then
nt(A) has a successful co-SLDNF derivation in paogrP.

Proof. It is straightforward from Definition 3.2 and Pasition 3.1 (4) (Fages [22])
and Definition 3.3 and Lemma 3.2 (Apt et al [24]).

The basic idea of the proof is to show that, gisgorogram P and a query goal A (a
list of one or more positive or negative literala)successful co-SLDNF derivation
with its coinductive hypothesis tables oft( c-) at each step (Definitions 3.5, 3.6, 3.7
and 3.8) is essentially equivalent to (1) the péititerpretation with the pair-mapping
<Ts", Tp> and the pair-set (M,N) (Definition 3.2 and Propiosi 3.1, resulting in a
fixed point), where (2)d+, c-) is to be kept closed and supported (and furtthdre a
supported model) (Definition 3.3 and Lemma 3.2).

First we note that one may construct a “completééripretation by incrementally
augmenting each head-atom A (or nt(A), resp.) t® phmevious query goal, by
checking whether A with the current query goal hassuccessful co-SLDNF
derivation (or not, resp.). The restriction te thational terms and atoms for the
operational semantics is guaranteed to have anedtgplution (a rational mgu and
derivation) if a systems of finite equations isvedlle (Theorem 2.2 Courcelle [20],
Jaffar and Stuckey [9]). Courcelle’s theorem assure

(i) The existence of a rational solution with its raib mgu for any solvable
finite system of equations, as noted in [9] regagdiational cover for success
set and finite failure set, and their complements.

(i) Given a rational term (that is, as a solution tsodvable finite system of
equations), there is a computable rational dedwvatiand its refutation tree
and proof). Thus this theorem provides one ofltases for the coinductive
unification, with restriction of the rational co-Heand universe and the
rational co-Herbrand base as we restrict the domiasolutions to be rational.

Next, we show that the hypothesis tables,(c-) of a successful co-SLDNF
derivation is (1) monotonic, mutually-exclusive daconsistent and it is (2) a model
(or closed) and supported (of Definition 3.3 andnioea 3.2).

First (1), a successful co-SLDNF derivation maimsaihe coinductive hypothesis
tablesc+ and c- at each step of derivation. These two tables romotonic,
consistent and mutually-exclusive along a singleSE®NF derivation. They are



monotonic because co-SLDNF only adds to the tablesndc- in each derivation
step. They are consistent and mutually exclusiveabge if an inconsistency is
created, backtracking will take place.

Second (2), it is straightforward to see that acessful co-SLDNF derivation
enforces the coinductive hypothesis tallesandc- at each step to be a model (that
is, if the body of a selected clause is true theréad is true (A L,,...,L,)) due to
the use of co-inductive hypothesis rule (i.es, Tof Definition 2.1 (3)) as well as
normal resolution.

Third (3), it is straightforward to see that a s&sful co-SLDNF derivation
enforces the coinductive hypothesis taldesandc- at each step to be supported (that
is, if the head is true then the body of the claissérue: (A® Lg,...,Ly)). By
co-inductive hypothesis rule, the selected quebgeal (say, A) is placed first icr+
(or c-, resp.) depending on its positive (or negativatext, resp.); The rest of the
derivation is to find a right selection of claug@ds® L,,...,l;) whose head-atom is
unifiable with A, and whose body is true using natogic programming expansion
resulting in resolution with a unit clause or viairduction (i.e., the goal is found in
c+ if it occurs in a positive context, or the goafasind inc- if it occurs in a negative
context). Further it follows from (2) (A Ly,...,L,) and (3) (A® L,,...,L,) above that
a co-inductive LP is equivalent to its completedgram (A « L,,...,L,) under
co-SLDNF.

Thus, co-SLDNF generates a successful derivatiuet {5, co-SLDNF refutation)
given an arbitrary query goal A in“BR iff A is in a supported model iff A is in a
fixpoint of P iff A is in MC®R(P), as we restrict current proof to the rational ¢
Herbrand model. Therefore, we may conclude thai(f(k soundness) if there is a
successful co-SLDNF derivation of a goal A if 8%{(P), then P |= A (or A is of a
fixpoint of P), and that (2) (for completeness)Pifl= A in M°R(P) then there is a
successful co-SLDNF derivation, and further for weny goal in negative context
(e.g., nt(A)) that (3) (for soundness) if theraisuccessful co-SLDNF derivation of a
goal nt(A), then P |[©A (A is in BRP)\W°RP)) or A is not in a fixpoint of P),
and that (4) (for completeness) if P@A (that is, A is in B°RP)\W°RP)), then
there is a successful co-SLDNF derivation for nt(&urther the generalization of the
theorem for a general query goal of a list of pesitand negative literals can be
derived in a straightforward manner (e.g., by ugirgingle atom to be expanded into
a clause of the query goal-list).



